COST MINIMIZATION
ECON 8001-2 Instructor: Terry Hurley

INTRODUCTION

We begin our analysis of how to produce and how much to produce by looking at the classical
cost minimization problem, which will tell us how to produce assuming we know how much we
want to produce. There are two key assumptions for the classical cost minimization problem
aside from those we will make about the nature of the production possibilities set: cost
minimization and competitive factor markets. The cost minimization assumption essentially says
that producers will determine how to produce by minimizing their factor costs. The competitive
factor market assumption says that a producer’s choice of factors does not affect the price of
those factors. There are certainly examples where both these assumptions may make little sense.
Still, there are plenty of examples where they are quite sensible and they do provide a useful
benchmark even when they do not make sense.

SINGLE OUTPUT & MANY FACTORS

With a single output and many factors, the classic cost minimization problem for a competitive
producer can be written as

CM1 min 1> subject to z1 Z(0).

Note that the producer’s choice of factorsis constrained by the Factor Requirement Set. If it is
possible to describe Z(q) using a nice differentiable production function f(z), then we can rewrite
this constraint asf(2) 3 q, set up aLagrangian, and derive the first-order necessary conditions:

CM2 L=rxz+g(q- f(2)),

CM3 &:rn_g*ﬂz_)3 o,kz;:o,andznwOforn=1,...,N,
1z, 1z, 1z,

CM4 E:q- f(z*)EO,%g*zo,andg*3 0.

fig

With the assumption of a monotonic Factor Requirement Set, it is straightforward to show that
production for cost minimization will be efficient: f(z) = g (this is analogous to no excess utility
property for the consumer’ s expenditure minimization problem). With a Strictly Convex Factor
Requirement Set, it can be shown that a unique optimum will exist, which is analogous to the
strict convexity assumption giving us a unique optimum for the consumer’s expenditure

- - - - -, . - * r
minimization problem. For positive output, it must be the casethat g = Tz for somen

1z,
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where Tr(ﬂz—) reflects the Marginal Cost of Production (we will show this formally below). If

fiz,
qf (z* )

. . r r r 1z,
multiple factors are used, then it must also be truethat —f—~ =—7%- or + = ~ for any n
i) ()0, w0

m

9z, 91z, 9z,
and mused in production. The first of these expressions says that the Marginal Cost of
Production is equal across factors, while the second says the MRTS must equal the ratio of factor
prices. The consumer problem analogue is the equality of the Marginal Rate of Substitution and
ratio of commodity prices.

The solution to this problem will be a set of Conditional Factor Demands that depend on the
price of factors and output: z(r, ). Like with the Hicksian demands for the consumer problem, it
is possible to show that the Conditional Factor Demands have some useful properties.

Thefirst isthat they are homogeneous of degree zero in factor prices. This should be easy to see
by looking at how multiplying r by some a > 0 changes the conditions for an optimum implied
by equation CM3.

Second, if we have an interior solution and totally differentiate equation CM3 and CM4 with
respecttog, z, g, and r we get

g 0 J—)“:é L - ﬂ;zz y
é N, \(€dg’U  é&g’u  édqu
e 1flz) _.1%(Z) THZ )@, u €0 &y
CM5 & q -9 2 L -9 ljeZiU:Hein:_|éll:I
& R ’WZN @uu eya eyd
A €. .0 e .u é, u
s 1) g Tile) i &g &g &ha
8 Tz, 11z, 92, ﬂZNZ i

where H isreferred to asthe bordered Hessian matrix and | isaN+ 1"~ N + 1 identity matrix.
Solving equation CM5 we can get the Conditional Factor Demand Substitution Matrix by
discarding the first row and column,

e u
S L -
g T, dry g
CM6 e o) © g lgt
éﬂZN r, q) L TIZN r, q)l:l
g w o T m g

which is symmetric and negative semidefinite, so own price effects are nonpositive.
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To explore the generality of thisresult, let 22 = z(r°, g) and Z = (r*, g). By the definition of an
optimum, it must be true that

CM7 roxz(r°, q) £ rixz(r° q) and

CM8 rixz(rt, q) £ rxz(rt, q)

implying

CM9 (r° =rY) x(z(r° q) - Zr*, g)) £0or
CM9 Dr xDz £ 0.

Equation CM9' generalizes the result that own price effects for Conditional Factor Demands
must be nonpositive. For example, if the only change in price is an increase in the price of factor
n, then Dry Dz, £ 0, which means 0 3 Dz,, so Conditional Factor Demands are nonincreasing in
their own price. Thisresult is more general because it will hold anytime we have a minimum.
Therefore, the condition also provides an opportunity to test the validity of the cost minimization
assuming factor prices change but output does not. However, there isa more general way to test
the cost minimization assumption if changes in factor prices and output are observed.

DEFINITION

Weak Axiom of Cost Minimization (WACM): If Z isacost minimizing vector of factors given
factor pricesr’ and output g, thenr’ xZ £’ xzfor al q3 g andz1 Z(q).

WACM provides a set of conditions that observed factor prices and outputs from a producer
must satisfy if the producer is indeed minimizing coss.

Substituting the Conditional Factor Demands into the objective function yields what is referred
to asthe Cost Function:

CM10 c(r, q) =r xz(r, q).

This Cost Functionis

(1)  nondecreasing in factor prices (r) and output (Q);

(i)  homogeneous of degree 1 inr; and

(iif) concaveinr.

These properties and their proof are similar to the expenditure function, so we will not go into
them in more detail here. These properties will also hold more generally, so we will formalize

them after talking about the multiple output and multiple factor case.

Another property that is identical to the expenditure function is
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(iv) zn(r,q)zwwrnzl ..... N,

which is often referred to as Shephard’ s Lemma.
Also recall that under the right conditions, integrability said we could use our Marshallian

demand to get an expenditure function and use this expenditure function to recover an
individual’s preference relation. It turnsout that if we know our input requirement set is convex,

then we can use our cost function to recover our production possibilities set: Z(q) = {z1 A™:r x
z3 c(r, q) for al r >>0}.

Finally, note that
CM11 o(r, @) ° r(r,a)+g(r.a)a- f(z(r.q)).

Differentiating with respect to q yields

cM12 § %q - a}lr ﬂzné; Ve 1191(]; D (q- 1(dra)q

N
g(r.a)gl- &

=1

1 (elr.0) T2 .03,
Tz, 9 g

=}

r

For an interior solution, equations CM3 and CM4 imply i (z(r : q)) =

n - and q=f(zlr,q)),
. Cghg ¥ (2(r,q))
which substituting into equation CM12 implies
fie(r.a) _ & | 9z,(r.q) & Tz,(r.q) _
CM13 r, +glr.q)- ar. =g(r,q).
)[[¢] 21 p[[o] g( q) ?:1 p[[o] g( q)

The left-hand side of equation CM 13 isthe Marginal Cost of Production, which we can refer to
asmc(r, ). Thismarginal cost of production is equal to the Lagrange multiplier evaluate at the

optimum, which we know from above equals ﬂ_f(fr(nr_q)) for al nused in production.
fiz,

Another quantity we will find useful is the average cost of production:

DEFINITION:

Average Cost of Production (ac(r, g)): The cost of production divided by output: ac(r, q) = c(r,
a)/a.
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There are some important relationships between average and marginal costs that you should
recall. If we can differentiate average costs with respect to g twice, we get

1c(r,q)

facr,a) _ g olr.a)
2
CM14 g ‘ﬂc(r qq) and
-2 aclr,
g (r.q)
q
) .
g E) wlaly ) g
CM15 ﬂqz,q — q q ﬁz q [0}

If average cost is at @ minimum g™", equation CM 14 must equal 0 and equation CM 15 must be
non-negative, which implies

CM14 tefr.a™) =ac(r,q™) and

flq

2 min
M1 rdra™), 4

19°

Equation CM 14’ says that marginal cost equals average cost a the minimum average cost if the
marginal cost is nondecreasing.

LONG-RUN VS SHORT-RUN WITH SINGLE OUTPUT & MANY FACTORS

Let z=(z, z) where z, is avector of factorsthat we will refer to as variable factorsand z isa
vector of factorsthat we will refer to asfixed factors. Letr = (ry, ) wherer, is avector of prices
for variable factors and r; is a vector of prices for fixed factors. Finally, let q =1(z, z) be the
production function. Assume a producer can only vary z, in the Short-Run, but can vary z, and z
in the Long-Run. We can write the producer’ s Short-Run cost minimization problem as

CM16 mirg r,xz, +r, Xz, subjecttoq£ f(z, z).
z,3

The solution to this problem will be a set of Short-Run Conditional Factor Demands that will
depend on variable factor prices, output, and the vector of fixed factors: z(r, g, z). We can use
these Short-Run Factor Demands to define a variety of different cost functions.

DEFINITIONS
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Short-Run Total Cost: STC(ry, Iy, O, Z) =ty X2y, 0, Z) + %%
Short-Run Variable Cost: SVC(ry, 0, Z) = rv X2{Iy, 0, Z)

Short-Run Fixed Cost: SFC(r+, z) = 1t Xz

Short-Run Average Total Cost: SATC(ry, 11, 9, z) = STC(ry, I'1, 9, )/q
Short-Run Average Variable Cost: SAVC(ry, q, ) = SVC(ry, q, z)/q

Short-Run Average Fixed Cost: SAFC(ry, ) = SFC(ry, )/q

1srclr,,r,,a,2 ) _ 1svelr,,a.z )
flq fia

Short-Run Marginal Cost: SMC(ry, 0, ) =

The Long-Run cost minimization problem is

CM17 min 1, %z, +r, ¥z, subjectto q £ f(z, z).

z2,30,z430

Note that this is actually the same problem as we did originally. The solution to this problem
will be a set of Long-Run Conditional Factor Demands that will depend on factor prices and
output: z(ry, rs, q) and z(r,, rs, ). We can use these Long-Run Factor Demands to define some
additional cost functions.

DEFINITIONS

Long-Run Total Cost: LTC(ry, I, Q) = ry Xz,(ry, I1, Q) + rexz(ry, Iy, 0)

Long-Run Average Total Cost: LATC(ry, r1, ) = LTC(ry, 11, 9)/q

Ltclr,.r,,q)

Long-Run Marginal Cost: LMC(r, 1, g) = 1

Comparing Short and Long-Run Costs, it must be true that STC(ry, 11, g, ) 3 LTC(ry, 11, ) and
SATC(ry, 11, 9, ) 3 LATC(ry, 11, q) because we can always choose the same factors in the long-
run as we used in the short-run.

Define

CM 18 g(er rfl q! Zf) = STC(er rfl q! Zf) - LTC(er rfl q) 3 01

and set z = z° = z(r\, 1, g) such that g(r., r1, g, z°) = O is at itsminimum. Differentiating with
respect to q yields
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1srclf,.r, ., zf°)_ fLrcl,.r.q)
Tq Ta

CM19 =0and

CM20 ﬂZSI'C(:\%(,;;f ’q’zfo)_ ﬂZLTC;Tg’;,I’f ’q) 3 0.

Equations CM19 and CM 20, imply

CM19 SI\/IC(rV,rf .0, zfo): LMC(rV,rf ,q) and

CM 20 '”SMC(rv’rf ,q,sz)s LM, r, ,q),
Tq 19

which means the Short-Run marginal cost curve must intersect the Long-Run marginal cost
curve from below.

Differentiating g(rv, rr, g, z°) with respect to the nth variable input price yields

'nsrc(rv,rf ,d, zf°) ﬂLTC(rV, I ,Q)
3 S

n n

CM21 =0 and

'ﬂZSTC(rV,rf ol zfo)_ ‘HZLTC(fV,ff ,Q)
r, 2 T, ”

n n

CM22 3 0.

Equations CM21 and CM22, and the fact that factor demands are nonincreasing in own prices,
then imply

CM21 zvn(rv,rf,q,zfo):zvn(rv,rf,q) and

12, 0r0.0.2°), 92, (0.1, )
T, T,

n n

CM22 0

which means the Long-Run Conditional Factor Demand is more elastic than the Short-Run
Conditional Factor Demand when evaluated at the long-run optimum (note that the Conditional

AN

n

Factor Demand Elasticity is defined generally as e, =
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EXAMPLESWITH SINGLE OUTPUT & MANY FACTORS

We will finish up this single output many factors case with a couple of examples. The first
example uses the L eontief Factor Requirement Set: Z(q) = {(z,2,)1 A2 :minfa,z,a,2,}" * qf

wherea; >0,a,>0,and b > 0. The price of factorsz; and z arer; >0and r, > 0. With this
technology, the cost minimization problem is

CM23 min, 1,2, +1,2, subject to z1 Z(g).

3
230,2,

Unfortunately, standard differential calculus techniques are not applicable here because the
Factor Requirement Set does not give us a nicely differentiable production function. So, where
do we go from here? Noticethat if z* > z.° and ' 3 z°, or z1' 3 z,° and ' > °, then
min{alzll,a 2221}b 3 min{alzio,a 2220}b , which means the Input Requirement Set is monotonic.
Monotonicity implies that production will be efficient. Since we are assuming the price of all
factors is strictly positive, efficiency then impliesa;z, = a,z and min{alzl* ,azz;}b =q.
Therefore,

CM24 z=9 and
al
1
@
CM25 z, =
a2

which are our Conditional Factor Demands. The cos function isthen

cr\»a

1
b

L1
&a,+ra, 0,
CM26 ( rz,q) q gl 2 2 l:qb
ad, g
Lo 1
+tra, o +ra,0
Note that for any t > 0 cftr,,tr,,q) = ?—rla tr2, ;qb =t 22 TR S — oy, 1., ), so our
aza 1] aa, g

T |

cost function is homogeneous of degree one in factor prices. Note that Tenrna)_a” ( f2: q) =

qr a.

o1
laga,+ra, qu

b ala 2 a
cost function is nondecreasing in factor price and output, and Shephard’s Lemma holds. Finally

1,15, 0 3O(i:1,2)andmz 8 Oforr>>0andq? O, soour
ZI 1772 ﬂq
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er’c(r,r,, ) 1c(r,r,,q)u
e 2 U e o -e 0

notethat H = r, , frfr, = ¢ E such that implies€” = 0.
eﬂ C(rl’rZ’q) ) C(rl’rZ’q)ljl g) Og 0 -
& 1 A

Therefore, our eigenvalues are nonpositive and H is negative semidefinite such that our cost
function is concave in factor prices.

For our second example, consider the cost function c( rz,q) =r’r, “%g° wherel>a >0andb

> 0. We will skip the exercise of showing that this cost function satisfies the properties
described above (it does). Instead, we will ask ourselves what production function is consistent
with this cost function. In atwo factor case like this one, answering this question is actually
quite straightforward. Shephard’s Lemma implies

Ll-a
CM27 z(r,r,,q) = felrr.0) =af2? o and
ﬂl’ g
S

1agr

1

Note that equation CM27 implies h —g—g Substituting this result back into equation
4 g
& 1
: (;%q a = & 2z ¢
CM28 thenyields z, = + -q°or q—f z, z2 :g a —% ,Whichisthe
2 o + t-a)fa*j
1 (2. 2,)
production relationship we are looking for. To verify this note that f 1?22 =
fiz,
1,
1 e Ziazzl- 9*’ azia—lzzl—a
b o -af*a® . - .
(1 a)l f’ (1 a)l a =_2%% such that z, =&z1 for an interior
> a1 (-a)y ar,
12 7' ¢ (1-a)y'z

b&@1-a)ta®y; (-a)a®
optimum. Substituting back into our production relationship then yields
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?aaél a) 91 gb
= . J-a ¥
ar, + . . o
ng g aﬂ - orgz =aaai% g° and z, =(1- a )Ea— g° . Our cogt function is
¢ ([-a)’a + N g g
& o
& 0 a, 0
then c(r,,r,,q) = rlag—zg q° +1,(1- a g L3 q° =r7r,"* ", which isright back where we
o Py ]
started.

MANY OUTPUTS & MANY FACTORS

Extending our single output and many factors cost minimization problem, to a many outputs and
many factors problem is straightforward. To do this let us rewrite our transformation function
T(y) as T(q, -2) where g can now be a vector of outputs. The cost minimization problem can then
be written as

CMY min L subject to T(q, -2) = 0.

Note that here we are taking advantage of the fact that we know production will be efficient
assuming either monotonicity or free disposal. 1f T(q, -2) is differentiable, then we can use the
standard Kuhn-Tucker approach for this problem. The Lagrangian and first-order necessary
conditions are:

cM2 L=rxz+g(T(q- 2)),

CM3 E:rn_g*ﬂqf_ﬂs o,iz;:o,andznw Oforn=1,...,N,
1z, 1z, 1z,
ﬂL

CM4 T(g-2)=0,andg 3 0.

o

If Z(q) is convex, these conditions are necessary and sufficient for the solutionz and |~ to be the
optimum. The conditional factor demands defined*by equations CN 2',CM3 *and CM4 will
depend of the vector of factor prices and outputs: z = z(r, q). I1f z, >0and z, > 0 at this

T (q,- z*)
. 9z, r . . . .
optimum, then —~ =-1 . That isthe MRTS will equal the ratio of factor prices just as
" a-7) = e

fiz,,
before. Finally, we can also define the cost function just as before: c(r, q) = rxz(r, q).

10
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We will now summarize some useful properties of conditional factors demands and the cost
function more formally:

PROPOSITION CM1: If r,g)T ANforrT A..Nandql A.M arethe conditional factor
demands for atechnology (q, -2) T Y that is closed, satisfies free disposal, and has the input
requirement set Z(q), then

(1) zr, g) isaconvex/singleton set if Z(q) is convex/strictly convex;

(i)  Zr, g) is homogeneous of degreeOinr;

(i) (r°=rY x(&(r° q) - «r*, g)) £0foral % r*1 AN and
éfz(ra) |, fa(ra)u
T

(iv) if Zr, q) isdifferentiableinr, Diz(r, ) = & ? @) ? g Is symmetric and
alzy r,q) L Tz, I’,Q)a
g o

negative semidefinite, and D, z(r, ) = 0.

PROPOSITION CM2: Ifc(r,q)2 OforrT A..Nandql A.Misthe cost function for a
technology (q, -2) T Ythat is closed, satisfies free disposal, has the conditional factor demands
z2r,q) 1 AN, and has the input requirement set Z(q), then
(1)  c(r, ) ishomogeneous of degree oneinr;
(i)  c(r, ) isnondecreasing in r, for al n and gm, for al m;
(iif) c(r, g) isconcaveinr;
(iv) if c(r, g) isdifferentiable inr, then D,c(r, q) = z(r, q) (Shepard’s Lemma);
erclrg) | Tela)
ﬂrlz firy IIr; H

(v) if c(r, q) istwice differentiable inr, D;%c(r, q) = I @) I issymmetric

and negative semidefinite and D,c(r, g)* = 0; and
(vi) if Z(q) isconvex, then Z(q) ={z1 AM:r xz3 c(r, g) for al r >> 0}.

These conditions are analogous to the conditions we had for Hicksian demands and the
expenditure function with two exceptions. First, we said our expenditure function was strictly
increasing in u, but here the cost function is nondecreasing isgn. The difference here relates
back to subtle differences between the assumptions of local nonsatiation and free disposal. Local
nonsatiation says we can always find a nearby bundle that is strictly preferred. Free disposal is
not asrestrictive, so it is possible to have a technology where an increase in inputs does not
necessarily increase an output. Second, we said our expenditure function was continuous, which
followed from the assumption that our preference relation was continuous. Note that we have
made no continuity assumptions regarding our production possibilities set. Therefore, we cannot
guarantee that our cost function is continuous. However, if our production possibilities set is
continuous, then our cost function will be continuous.
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