MICROECONOMIC ANALYSIS
ECON 8001-2
Fall 2009
Instructor: Terry Hurley Due: 9-29-09
TA: Giovann Alarcon

HOMEWORK #3: ANSWERS

Note: When writing up your answer s, carefully define all new notation and terms that you
introduce, and write in complete sentences and paragraphs.

1 15 2
1. Letu(x, X) = (xli + xZE) represent a consumer’ s continuous, locally non-satiated, strictly
convex preference relation for xT A% Assume this consumer has income w > 0 and faces
prices p; and p, for x; and X.
(a) Formulate the consumer’s utility maximization problem.
(b) Derive the Marshallian demand for x; and x, assuming the solution is interior.
(c) Derivethe individual’sindirect utility function.
(d) Verify that the indirect utility function is (i) homogenous of degree O in ps, p2, and w, (ii)
strictly increasing in w and nonincreasing in p; and p, and (iii) quasi-convex in p; and p..

ANSWER:
(@

The consumer’ s utility maximization problem can be formulated as

1 12
max <x12 +x22)
x120,x,20

subject to
W = D1X1 + P2X5.

(b)

The Lagrangian for this utility maximization problemis
1 1\?
L= <x12 + xZZ) + AW — p1x1 — P2x3)

which has the first-order conditions

oL 1 1 _1 oL
11) —=(x"2+x,"2)x," 2= 2p; <0,—x,"=0,%," =0
1 2 1 (&1
0xq 0x,
1 1 1
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(13) Z_i = W - plxl* - pzxZ* = O, and A* 2 O

If the solution is interior, equation (1.1) and (1.2) imply

( 1 1 _1
x1*2+x2*2>x1* 2 X 2
A P1 * (pl) *
= orx, =(—) xq{.
D, 2 1

(14) 1 1 1~
(xl*f_l_xZ*E)xz*_E A p P2

Substituting equation (1.4) into equation (1.3) and solving yields

s _DP2_ W
p1 (P2+p1)’

(15) x1(p1,p2w) = x4

Substituting equation (1.5) into equation (1.4) and solving yields

s _P1_w
P2 (P2+p1)

(1.6) x3(p1,p2ow) = x;
(©)
The indirect utility function is

(L.7)  v(p1, P2, W) = U(Xa(P1, P2, W), X2(P1, P2, W)

1 1\ 2
- (p_z w )E+ (& w )E
p1 (P2+p1) p2 (P2+D1)

= ;)”_2 i
(d)
To seethat thisindirect utility function is homogeneous of degree O in p1, p2, and w, note that
v(apy, aps, aw) = — 4+ =2 4+ ¥ = y(py, p2, W) for any a > 0.

ap2 apy D2 P1
To seethat the indirect utility function is strictly increasing in w and nonincreasing in p; and pa,

note that 22PePz) — L L 5 0 gng 2BuR2W) — _ ¥ o for gl w> 0, and p; > O wherei = 1,
ow P2 P1 op; pi
2.

To seethat the indirect utility function is quasiconvex in p; and p,, note that

g"lﬁl(pl, pw) Tv(p,pWo o,
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suchthat%pzw) ;W >0and [H |—2—WZ—W>0foraIIw>0 p1 > 0 and p > 0, which

implies the Hessian is everywhere positive semidefinite and v(ps, p2, W) is convex in p; and ps.
Since convex functions are also quasiconvex, v(p1, P2, W) is also quasiconvex in p; and p..

2. Using the utility functionin 1.,

() Formulate the consumer’ s expenditure minimization problem.

(b) Derive the Hicksian demands for x; and x, assuming the solution is interior.

(c) Substitutethe indirect utility function from 1.(c) for utility in the Hicksian demands you
derived in 2.(b) and compare the results to the Marshallian demands you found in 1.(b).
What is the implication of your result?

(d) Derive the expenditure function.

(e) Substitutethe indirect utility function you derived in 1.(c) for utility in the expenditure
function you derived in 2.(d) and simplify as much as you can, which should actually be
quite abit. What does your result imply about the relationship between the expenditure
and indirect utility function?

ANSWER:
(@

The consumer’ s expenditure minimization problem can be formulated as

min h h
h1>0h>0p1 1+ D20,

subject to
2

(hé + hZ%) > u.
(b)

The Lagrangian for this problemis

1 12
L =phy +pyh, + y(u - (h12 + hzz) ),

which has the first-order conditions

aL * *1 *l *—l 3 oL *x _ % 3
(21) a_hl —_— pl - y h1 2 + hz 2 h1 2 O, a_hlhl - 0, h]_ O,
aL % *1 *l *—l 3 oL *x _ % 3
(22) @ —_— pz - y h1 2 + hz 2 hz 2 O, @hz - 0, h2 O,
1 1
2.3) :TLzu—<h1*E+h2*) £0, 2y, andg 2 0.
2

For an interior solution, equationsin (2.1) and (2.2) will hold with equality such that



1 1 _1
Y*<h1*2+h2*2>h1* 2 2
P1 _ x _ (P1 *
P2 y*<h1*2+h2*2>h2* 2 1]

Equation (2.3) will also holds with equality, so substituting equation (2.4) implies
1 2

1 2 2 . 2
(2.5) (h1*2+<(&) h1*)2> =uorhy(p,pu) =hy = P2

P2 (p2+p1)?%

Substituting equation (2.5) into equation (2.4) then implies

_ * u—plz
(26) ha(pyp2w) = hy =—0.

(©)

Substituting the indirect utility function from 1. (c) into the Hicksian demands yields

(:_24_%)7)22 _ _ wp

(P2+p1)?  p1(P2+p1)

27)  hi(p1, P2 v(pr P w)) =

(:_24_1%)7)12 _  wps

(P2+p1)?  p2(p2+p1)’

28)  hy(p1, P2 v (1, P2 W) =

which are identical to equations (1.5) and (1.6).
The implication of thisresult is that the Hicksian demand is equal to the Marshallian demand if

the level of utility we use to constrain expenditures is equal to the level of utility obtained from
the consumer’ s utility maximization problem.

(d)

The expenditure function is

(2.9)  e(p1, P2, W) =p1hy (1, 02, w) + P2hy (P, P2, u)

2 2
up, upy
= +
P1 (p2+p1)? P2 (p2+p1)?
_ Up1Dp2
p1+D2

(€)

Substituting the indirect utility function from 1. (c) into the expenditure function yields



(ot )papz

p1tDP2

(2.10) e(py, p2, V(Py, P2, W) = = W.
That is, when we evaluate the expenditure function at the indirect utility function, we get income
back from the consumer’ s utility maximization problem, which indicates that the expenditure
function is essentially the inverse of the utility function.

3. Suppose that there are two possible states of the world denoted by A and B. Also, suppose a
consumer’s continuous, locally non-satiated, and strictly convex preferences for income in
these two states of the world can be represented by the utility function u(wa, We) = awa' + (1
- a)wg' wherew, 3 0isincomein state A, wg 3 Oisincomein state B, and 1>a >0and 1 >
t >0 are parameters. In state A, the consumer is endowed with income of wa® > 0 dollars. In
state B, the consumer is endowed with income of wg® > 0 dollars. Furthermore, assume that
the consumer can buy or sell insurance that pays an indemnity of x dollarsin state B (e.g. for
x> 0, the consumer is purchasing insurance, while for x < 0, the consumer is selling
insurance). The cos of thisinsurance is px regardless of whether the state of the world isA
or Bwhere 1 > p > 0 isthe price of insurance per dollar of indemnification.

(@) Formulate the consumer’s budget constraint in terms of w and wg remembering that
preferences are locally non-satiated and wa 2 0 and w2 O.

(b) Formulate the consumer’ s utility maximization problem given this budget constraint.

(c) Solve for the consumer’s Marshallian demands in terms of wa and ws. Are there any
conditions under which that consumer will only consume income in state A (e.g. wg = 0)?
Are there any conditions under which that consumer will only consume income in state B
(eg.-wa=0)?

(d) Are these demands homogeneous of degree 0 inp? Explain.

(e) Assuming an interior solution, under what condition will the optimal demand for income
in state A be greater than the optimal demand for income in state B? If a isthe
probability of state Aand 1 - a isthe probability of state B, what is the economic intuition
of your result?

Hint: Thereisahard way to do part (d) and (e), and an easy way. | encourage you to take

some timeto look for the easy way.

ANSWER:
(@

Given the consumers purchase or sale of insurance, the consumption of income in state A must
satisfy wa® — px 3 wa 3 0, which also impliesx £ wa®/ p. In state B, the consumption of income
must satisfy wg®—px + x3 wg 3 0, which also implies —x £ ws®/ (1 —p). Now note that wa® — px
3w and We® —px + X3 wg can bewrittenaswa®/ p3 wa/p+xandws®/ (1-p) 3 ws/ (1—p) -
X. Summing then implieswa®/ p + W’/ (1—p) 3 Wa/ p + X+ wg / (1 —p) — X, which simplifiesto

(1) (A -pIw,® +pwp® = (1—plwy+pwg,



yielding the consumer’ s budget constraint in terms of wa and wgs. This budget constraint will
hold with equality assuming preferences are locally non-satiated.

Now some questions were raised in class regarding whether or not the budget constraint implied
by Wa® —px 3 wa and wg® — px + x 3 wg for -wg®/ (1 —p) £ X £ wa®/ pistruly equivalent to
equation (3.1). For example, if p = Y%, Wa® =2, wg® = 2, and X = 1, Wa® — px 3 wa and wg® — px + X
S wgimply2—-%=153% wapand2—-%+1=253 wg, while equation (3.1) implies1 + 13 wu/2
+ws/2 or 43 wp +Ws. Now wa =4 and wg = 0 certainly satisfies 43 wa + wg but it does not
satisfy 1.53 wa and 2.53 ws. What isgoing on here? Are the budget sets equivalent or not?
Notethat x is a choice variable. Therefore, if we want to consumews =4 andws =0but x=1
doesn’'t work, why not choose x = -wg®/ (1 —p) =—4 ingtead. Withx = -4, wa® — px 3 wja and wg®
—px+x3 W imply 2—(-2) =43 waand 2 —(-2) + (-4) = 03 wg, which now works.

More formally, define

B]())WA wB {(WA'WB) ERI:w, <w,® —pxand wg < wg® + (1 —p)x forallx €
[_ wg€ wy® }
a-p)’ p
and
B; w a8 wg€ = {(wa,wp) € RZ: (1 —pwy +pwp < (1 —pIws® +pwp® }.

Proposition: For (w,%, wg®) = (0,0), (W,€, wp€) = (0,0) andp1 (0,1), (wy, wg) €
B? o if and only if (w,, wg) € B2

p.wa®wp pwa®wp®

Proof:
Suppose that there exists (w,’,wp") € B? e such that (w,’,wg') & B2

pwyéwp pr wpg€ By
definition, (w,',wp") € By, e,.c impliesw,’ < w,® — px and wp' < wg® + (1 — p)x for all
-

! e
L S wyf —px imp|iesﬂ < WTA — X, WhilewB’ <wg®+ (1-— p)x implies

1-n’" »
wpg! wpg® wh . wy® wpg! A wy®
—— < ——+x. —S——xand < —=—+ximpl +—< = —xt + x
(1-p) — (1-p) P (1-p) (1 (1-p) Py =" P (1 p) P (1 p)

or (1 —p)wy +pwp' < (1 — pIw +pw®. But (1 —p)wy + pwp' < (1 - p)wAe+pr
implies (w,’,wz") € B2 e by definition, which contradicts (w,’,wz") & B}

pwa®wp pwa®wp®

Now suppose there exist (w,',wp") € By, e, Suchthat (w,',wg") € B) , ¢, . By
definition, (w,",wg") € BpW wge implies (1 —p)w," + pwp' < (1 —p)w,® + pwp®. By

definition, (w,’,wg") & B® impliesw,’ > w,¢ —px orwg' > wg® + (1 —p)x foral x €

- a2
a-p)’ p I’




! e
Supposew,’ > w,¢ —px andwg' > wgf + (1 —p)x. wy > w, — px implies% > WTA - X,

e ! e e
while w; et (1—p)ximplies—2_ > B _ 4 x YA ¥4 _ yond 2B > WE 4
ewf; >wp® +(1-p) PIES T ~ m p p (1-») = 1-p)
e e
imply% +% > WTA —x +(1W_ip) +xor (1—p)wy +pwg' > (1 —p)w,® + pwi, but this
contradicts (w,’, wg') € B;,WAe,WBe.

wal-wh
)

Supposew,’ > w,¢ —px andwg' < wg€ + (1 —p)x. wy > w,® — px impliesx >

wal-wh

I e
whilew! < wg + (1 —p)x implies¥2™"2_ < x. x >
B B p p

! e e !
wWp—Wwpg . wp"—wy
< —_
(1=p) and = < x imply St

p)
%";‘;e < 2xor (1 —p)wy® +pwg€ + 2pwy < 2p(1 —p)x + (1 — p)wy + pwg + 2pwi©.
(wy',wg') € B;,WAe,WBe and (1 — p)w,® + pwg® + 2pwg < 2p(1 —p)x + (1 —p)w, + pwy +
2pwg€ imply (1 —p)wy + pwg < 2p(1 —p)x + (1 — p)wy + pwp + 2pwp® or — (‘f‘_gp)

WBe
(1-p)

<X,

s 2a%) specifically it does not hold for x = —

which cannot hold for all x € [—

!
Wy

e_
Supposew,’ < w,¢ —px andwg > wg€ + (1 —p)x. wy < w,® — px impliesx < WAT,

I_ e e_ ! I_ e i
whilew}, > wg® + (1 — p)x impliesZ2=2E_ > x. x < P4 YA nd PB77E_ > x imply 2x <
B B p P (1-p) p (1-p)

or 2p(1—p)x — (1 —pIw,® + pwp® < (1 —plwy + pwp — 2(1 — plwy.

e ! ! e
wa _WA + Wp—Wpg

P (1-p)
1

(wy',wg') EB e and 2p(1 — p)x — (1 —pIw,® + pwp® < (1 —pIw, + pwg —

p,WAe,WB
2(1—pw, imply 2p(1 —p)x — (1 — pIws® + pwp® < (1 —pIw,® + pwpf orx < W;‘ ,
which cannot hold for all x € |- (”1”5;) WTA] specifically it does not hold for x = — WTA .
Q.ED.

(b)
The consumer’ s utility maximization problem can now be formulated as

max awyst + (1 —a)wp?
w420,wp=0 4 ( ) B

subject to
(1 —p)w,y® +pwp® = (1 — plw, + pws.

(©)

The Lagrangian for this problemis
L=aw,"+ (1 —a)ws" + /1((1 —pIws® +pwp® — (1 —plw, — PWB)

The first order conditions are



(3.2) ;TL = atw,” ' = 2*(1-p) <0, ;’TLWA* =0, w," >0,
A A
(3.3) aaTL =(1-a)mws ' =2A'p <0, aaTLWB* =0,wg* >0,
B B
(34) L= (1-pIws® +pws® — (1 —pwy" —pws" = 0,and * > 0.

For an interior solution, the first equation in (3.2) and (3.3) will hold with equality such that

(35 S _ 0w
' (1-aQ)wp*™* p
1
* * (1—p)(1—a) :
(36) wy =wg (—pa ) :

Substituting equation (3.6) into (3.4) and solving then yields

e _ e
(37) WB(p;WAe;WBe) — WB* — PWBRB +‘(L-1 p)WAL.
p+(1-p)T1(S)

a

Substituting equation (3.7) back into equation (3.6) yields

1
(1—p)(1—0£));
pa '

e _ e
(38) WA(p: WAe;WBe) — WA* — PWBRB +‘(L-1 p)WAL (
p+(1-p)T1(S )

Alternatively, if wa' > 0and ws = 0, equation (3.2) will hold with equality, but equation (3.3)

- . . C”'WA*T_1 * (1_a)TWB*T_1 x1—T (1—77)(1—“) x1—T .

may not, which implies——=1" > ————— > ———wy . Sincel>
(1-p) p ap

x1—T > (1_p)(1_a)

a>0,1>t>0,and1>p>0, wz ' " > TWA*l_T implies 0 > %wfl"
which contradictswa > 0. Therefore, we cannot have a solution wherew, >0 and wg = 0.
Similar arguments can be made to show that wa = 0 and wg > 0 cannot be true.

or wg

Si nce preferenges are non-satiated, wa® > 0, and wg® > 0, Walras Law also allows usto eliminate
wa =0andws =0. Therefore, any solution must be interior.

(d)

If these Marshallian demands are homogeneous of degree 0 in p then w, (ep, w,¢, wg®) =
w, (p, wa€,wg€) and wg(ep, wa€, wg€) = wg(p, wyé, wg) for any e > 0. From equation (3.5),
atwa(pwa®wp®)™™t _ (1-p) atwa(epwa®wp®)™™ !t (1-ep)

we know = and = . Suppose e > 1,

(1-a)twg(p,wawpe)T1 P (1-a)twp(epwa®,wp®)T~1 &p

e)r—l e)r—l

wa(pwawg®)
(1-a)twp(pwa®wp®)™™ 1~ (1-a)twg(epwalwp®)T™1 — wy(epwa®,wp®)

atw(pwaéwp atw(epwaf,wp

then &2 5 % such that

iZ:] (p'WAe'WB e)
7] (Ep'WAe'WB e)
wg (ep, Wy, wg€) = wg(p,w,€, wg€). While p isthe implicit price of wg, it is not the implicit

which cannot betrue if w,(ep, w, €, wg€) = w,(p, wy€, wg€) and



price of wa. Therefore, multiplying p by a constant does not increase all prices and wealth
proportionally, so the demand will not be homogenous of degree O in p.

There is however another way we could formulate the problem in order to ensure Marshallian
demands are homogeneous of degree O in prices. Let w be income available to the consumer to
buy two types of securities. Let wa 3 0 be the number of securities purchased that yield a dollar
when state A occurs and Wi 2 0 be the number of securities purchased that yield a dollar when
state B occurs. Let pa> 0 and pg > 0 be the market price of wa and wis. Our budget constraint
can now be written asw?3 pa wa + pg Ws. Given our endowments and assuming our consumer
can buy or sell securities, w= pa Wa® + ps Ws®, which allows our optimization problem to be
written as

max awyst + (1 —a)wp?
wys20,wp=0 4 ( ) B

subject to
PaWa® + PpWg® = pawy + PpWs.

The Lagrangian for this problemis
L=aw,"+ (1 —a)wg® + A(paws® + pgWs® — DaWs — PpW5),

yielding the first-order conditions

oL _ *T—1 _q* JdL * *

(3.9 g = ATWa A'pa <0, WA = 0,w,* =0,
oL *T— * JaL * *

(310) m:(l_a)TWB ’ 1—1 pBSO,mWB =O,WB >0,

(311) Z_i = pAWAe + pBWBe - pAWA* - pBWB* = O, and A* 2 O

As before, it is possible to show that the solution to this problem must be interior, so equation
(3.9) and (3.10) imply

(312) e b
. «T—1 — )

(1_a)TWB PB
While equation (3.11) implies
(1Y) paw,s® + ppwp® = paw,” + ppwp”.
Now if we multiply prices, pa and pg, by any e > 0, it should be clear that equation (3.12) and
(3.17") will not change because e will simply divide out. Therefore, for this formulation of the

problem the Marshallian demands will be homogeneous of degree 0 in prices.

Question: What is going on here? Are the problems the same or not?



Actually, the problems are the same with one small exception. In the original formulation of the
problem, we essentially restrictedp, =1—pand ps =por p, + ps = 1. By imposing this
restriction, we essentially set relative prices to something specific: p,/pg = (1 —p)/p.

(€)

1
-1

Notethat w,* > wg* implies:—“‘: >1 or from equation (3.6) ((1_”;#) > 1. But
B

1

((1_”;#): > 1impliesp>1-asncel/ (t -1)<0. Sotheoptimal level of income in state

A will be greater than the optimal level of income in state B if the price of indemnification in
state B is greater than the probability of state B. Intuitively, on average, the consumer earns1 - a
dollars for every dollar invested in indemnification, which costs p dollars for certain. Therefore,
when p > 1 - a there are incentives to sell rather than buy insurance because you will collect
more premiums than you payout in indemnities on average, since you only payout in stateB it is
optimal to have higher income in state A. Alternatively, when p < 1 - a there are incentives to
buy rather than sell insurance because you will collect more indemnities than you payout in
premiums on average, since you only get payoutsin state B it is optimal to have higher income in
state B. Note that this qualitative relationship is independent of the degree of risk aversion,
which is captured by the parameter t, but you will learn more about thisin ECON 8003.
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