MICROECONOMIC ANALYSIS
ECON 8001-2
Fall 2009
Instructor: Terry Hurley Due: 9-22-09
TA: Giovann Alarcon

HOMEWORK #2: ANSWERS

Note: When writing up your answer s, carefully define all new notation and terms that you
introduce, and write in complete sentences and paragraphs.

1. Definethe choice set B = ({1, X2}, {X1, X3}, { X2, X3}, {X1, X2, Xa}) and define arule

{x2}, for {xy,x,}
. {xs}, for {xy,x3}
Cb) = { {x3}, for {x2,x3}

k{xz' X4}, for {xy,x;,%,4}

Use this choice rule to define the set of revealed preference relations for the different sets of
alternativesin B. Taken together, isthis revealed preference relation consistent with a
rational preference relation defined on {xi, Xz, X3, Xa} ? Explain.

ANSWER: For {x1, X2}, C({ X1, X2}) = { X2} implying x> £* x; and not x; £* x5, or % ¥* x;. For
{x1, X3}, C({x1, Xa}) = {xa} implying xs £ * x; and not x; T* x3, or xs F* x1. For {xy, X3}, C({ 2,
Xa}) = {xa} implying xs £* x, and not xo £* x3, or x3 F* xo. For {xa, X2, Xa}, C({ X1, X2, Xa}) =

{ %2, Xa} implying x> £* x4, x4 T* X2, %o T* xq, not xo T* xq, x4 * x and not x; £* x4 0r % ~*
Xa, Xo F* xg and x4 T* x;. Together these results imply that

(i) x E*x,
(i) xs £*x,
(i) x3 £* x
(iv) xq £*x,
V) x F*x,
vi) xa F*x
(vii) not x; £* x,,
(viii) not x; £* xs,
(iX) notx, £* xs,
(xX) notx £*x

Now, are these revealed preference relations consistent with a rational preference relation
defined on the set of all possible alternatives, {xi, X2, X3, Xa} ? A preference relation is rational if
it is complete and transitive. Completeness requiresthat for alls, s T X where X isan
individual’s set of alternatives, s T s ors T s. For x; and xy, (i) and (vii) say x, £* x; and not
x1 £* xo. For x, and xs, (ii) and (viii) say xs £* x; and not x; £* xs. For x; and x4, (iv) and (x)



say X4 £* x3 and not x; T* x4. For x and xs, (iii) and (ix) say xs £* x, and not x, ¥ * xs. For x,
and x4, (V) and (vi) say x> £* x4 and x4 T* x,. For x3 and x4, none of the conditions (i) — (x)
provide any guidance regarding whether x3 £* x4 or x4 T* x3. Therefore, this revealed
preference relation is not complete.

Transitivity requiresthat for alls, s, s’ T X,ifs¥ s ands T s’ thens £ s’. Notice that
conditions (iii) and (i) imply x3 £* x, and xo £* x;, while condition (ii) impliesx; £* x,.
Similarly, conditions (v) and (iv) imply xo £* x, and x4 £* x;, while condition (i) impliesx, T *
x1, and conditions (vi) and (i) imply x4 £* xo and x, £* x;, while condition (iv) impliesx, T *
x1. Therefore, transitivity does hold.

Since the revealed preference relation is not complete, it is not rational even though it is
transitive.

2. Consider the complete preference relation ¥ defined by 2 £ Z’ if and only if min{z’, z’}
3min{z",z"}foralZ,z'1 A*(eg.z23 Oforl =1, 2).

(@) Hlustrate the indifference contour sets, ICS(2), for this preference relation.
(b) Prove that this preference relation is monotone, convex, and transitive.

(c) Isthe preference relation strictly monotone and strictly convex? Explain.
(d) What are the economic implications of this preference relation?

ANSWER:

(a) The definition of indifference impliesthat if x, yT Xandx~y,thenx T yandy T x.
Therefore,z ~Z' ifZ £ 2’ andZ’ £ Z ormin{z’, 2’} 3 min{z’, 2"’} and min{z’,
2"} 3 mn{z’, z'}, whichimpliesmin{z’, z'} =min{z"’,z"’'}. Letznn=min{z’, '}
=min{z", z"'}. Figurel (a) dividesA.? into four regions relative to the consumption
bundle (zin, Zmin). Consider an alternative consumption bundle from Region I, (z1, z) such
that zyin 2 zo and Zyin 3 2, but (z1, ) * (Znin, Zmin). Question: Can this consumption bundle be
part of ICS(Z) = ICS(Z’)? The answer is no because zqyin 3 71, Znin 2 2, and (z1, ) * (Zqin,
Znin) imply min{ z, 2} <min{ Zin, Zuin}, SO (Znin, Znin) ¥ (21, 2) and not (z1, ) ¥ (Zwin,
Zmin). Consider an alternative consumption bundle from Region I1, (z, z) such that zin >z
and zqin < 2 (so we are not including the boundary of Region Il with Region | and V).
Question: Can this consumption bundle be part of ICS(Z) = ICS(Z’)? The answer is no
again because Zyin > z1 and zqin <  imply min{ z;, 2} < min{ Zyin, Zrin}, SO (Znin, Znin) T
(z1, 22) and not (z1, z2) T (Zuin, Zwin). A similar argument can be made for bundles in Region
I11 exclusive of its boundaries with Regions| and IV (e.g. Zyin < z1 and Zy, > ). Now
consider an alternative consumption bundle from Region 1V, (z, ), such that z, <z and
Zmin < Z» (SO We are again not including the horizontal or vertical boundary of Region IV with
Regions 11 and I11). Question: Can this consumption bundle be part of ICS(Z) = ICS(Z")?
The answer is no again because zyin < z1 and Zyin < 2 Impliesmin {z;, z} > min{ Zyin, Zxin},
S0 (z1, 2) X (Zwin, Zmin) @nd Ot (Zmin, Zmin) ¥ (21, ). What we are now left to consider are
bundles on the boundary between Regions |1 and IV (z1 = zyin and 2 > Zyin) and between
Regions |1l and IV (z1 > Zyin @nd z2 = Zyin). FOr 21 = Zyin and 22 > Zyin, min{z, z} = min



{ Zuiny Znin}, S0 (21, 22) T ICS(Z) = I1CS(Z"). FOr 21> Zoin and 2o = Zuin, Min{z, 22} = min

{ Zmin, Zmin}, 0 (21, ) 1 1CS(Z) = 1CS(Z’). Combining these results, yields the ICS
illustrated in Figure 1 (b). What is important to note about these ICSs is that they are at right
anglesrelative to the 45° line (e.g. the line where z; = z,). Thistype of preference relation is
referred to as a Leontieff preference relation.

(b) We begin with monotonicity. A preference relation ¥ on A2, is monotone if for all x, y 1
A2, ify>>x(y>xforl =1, 2),theny £ x. Consider two consumption bundlesz, 7' 1
A% suchthat Z >>7". Let zwn' =min{z’, '} and zwn”’ = min{z’’, z'’}. Notethat the
Zmin' > Zmin' becauseZ >>7' impliesz’ >z’ andz’ >z, Znn'' = min{z’’, '’} implies
zZ'" 3 Zmin and z’’ 3 zyn'', and transitivity of real numbersimpliesz,’ >z, and ' >
Zmin''. SINCE Zyin' > Zmin'", Z T Z’ asrequired by monotonicity.

Now let us consider convexity. A preferencerelation ¥ on A% isconvex if foranya 1 [0,
1 andalxy,zay+(1-a)zl X, ify ¥ xandz T x,thenay+ (1-a)z T x. Notethat for
anyz,z’,2"1 A%z T 2 impliesznny = min{z’, '} 3 Zun'’ =min{z’"", '}, and
z' T 2 impliesz,y’ =min{z'", 2"} ® zn," =min{z’’", z'"’} by definition of the
preferencerelation. Sincemin{z’, z'} 3 Zn," andmin{z"’, 2"’} 3 zu,"'', mn{ zi’, z;"’,
2,2’} 3 znn"'. Now let zy,=min{az’ + (1-a)z’’,az’ +(1-a)z’’} and notethat az’
+(l-a)z”*mn{z',z"’}3mn{z,z",2,z"}adaz’ +(1-a)z" 2 mn{ z', 2"}
Smn{ z',z", 2z, 2" }. Therefore, Znn 2 min{ z’, 2", z’, z"’}. SInce zyn 3 min{ z/’,
z,z,z’Yandmin{ z',z",2",2"} 3 Znn ' transitivity implieS Zmin 3 Zyin'"'. BUL, Zmin
3 Zun ' impliesaZ +(1-a)Z’ T Z’ by the definition of the preference relation as required
for convexity.

Finally, we will consider transitivity. A preference relation istransitive if for all x, y, zT X,
ifx T yandy T zthenx ¥ z Consideranyz,z’, 7" 1 A% suchthatz £z’ andz’ T
z”. 7 T 2’ implieszynny =min{z’, '} 3 zny’ =min{z’", z"’},andzZ’ T Z*’ implies
Zmn'' =min{z"", 2"} 3 zny"”" =min{z’'"’, '’} by definition of the preference relation.
Then by transitivity of real numbers, Zyin' 3 Zynin'’ and Zyin'' 3 Znin'’ IMPHES Zyin' 3 Znin
By the definition of the preference relation, zyin' 3 Zwn' '’ impliesz T Z" asrequired for
transitivity.

(c) It should be clear from Figure 1 (b) that this preference relation is not strongly monotone or
strictly convex. For strong monotonicity, for al x, yT X, ify3 x(yi3 xforl=1,2, ....L)
andy?! x,theny ¥ x. Consider Z = (1, 2) and Z’ = (1,4). Notethat Z’ 3 Z', but min{1, 2} =
min{ 1, 4} suchthat Z ~Z’ by the definition of the preference relation, which contradicts Z
f Z’. For srict convexity, foranya 1 (0, 1) anddl x,y,z ay+ (1-a)zl X, ifyfx zT
x,andy?! z thenay+(1-a)z ¥ x. Considera=05,7=(1,2),Z' =(1,4),andZ’ = (1,6):
min{1, 2} 3 min{1, 4}, min{1, 6} 2 min{1, 4}, min{0.51+05 1,05 2+05 6.} =
min{1, 4} = min{1, 4}. Therefore, 0.52 + 0.52"" ~Z’, which contradicts0.5Z + 0.52"" f
zZ'.



(d) The economic implications of this preference relation is that goods are perfect complements
or not substitutable. The only way for an individual to increase satisfaction given these
preferences is to consume more of both goods.

3. Suppose u(¥ is a continuous utility function representing a strongly monotone, continuous,
and rational preference relation ¥ on X = A‘,. Prove that the Marshallian demand
correspondence x(p, w) satisfies Walras Law: px = wfor al xT x(p, w).

ANSWER: By the definition of a strongly monotone preference relation, we know that for al x,
yl Xify3 x(yi3 xforl=1,2, ...L)andy? x theny ¥ x,ory T xandnotx T y. By the
definition of a utility function, we know that for al x, yT X, ify T xthen u(y) 3 u(x). By
definition of the demand correspondence, we know that for all xT x(p, w), xT Bpw and u(x) 3
u(z) for al z1 BpwwhereByw={z1 X: w3 pxg. Given these definitions, we want to show that
px =wforal x1 x(p, w).

Assume this is not the case such that there issomex’ T x(p, w) wherew?! px’. First note that
px >w contradictsx' T By and therefore, X T x(p, w). Now if w> px’, there must be somey
3 xandy?! xsuchthat w3 py>px. Sincew? py,yl Bpw By strong monotonicity, y T x
and not x T y. By the definition of a utility function, u(y) 3 u(x) and not u(x) 3 u(y), which
impliesu(y) > u(x). But X T x(p, w) also implies u(x) 2 u(z) for all z1 B, by the definition of
demand, which contradicts u(y) > u(x) andy T By

The economic implication of thisresult isthat if preferences are strongly monotonic, then
consumers will fully exhaust their budget when choosing their preferred bundle of commodities.

4. Inthe classical consumer problem, consumption is constrained only by income and prices.
That is, consumer can consume as much as they want of a particular good, provided their
total expenditures do not exceed their income. However, there are lots of examples where a
consumer’ s choices are constrained by more than just income. For example, the U.S. Food
Stamp Program provides income in the form of Food Stamps to low income individuals, but
restricts what these individuals can spend this income on.

Consider atwo commodity world, x = (x, 2) T A2 with pricesp=(p, p2) T A+ (eg. pi >
Ofor | =1,2). Assume the individual has income w > 0 from working which can be spent
freely on either commodity. Additionally, the individual receives income wes > 0 from the
government which can only be spent on commodity Xo.

(@) Describe the budget set for thisindividual, B

figure.
(b) Prove that this budget set is convex.
(c) Provethat forw >w', B, ... . I B,w.w,. - What isthe economic implication of this

result?

mathematically and illustrate it ina

P,W,Wgsg ?

We



(d) Supposetheindividual’s preference relation is strictly convex, locally nonsatiated,
continuous, and rational. Can we guarantee demand will be a unique? Explain.

(e) Again, suppose an individual’s preference relation is strictly convex, locally nonsatiated,
continuous, and rational. Will Walras Law hold? Explain.

ANSWER:

(@ The budget constraint can be written as By w,. ° {XT AZ:w+we 3 pxxand w3 px}.
Figure 2 illustrates.

(b) By definition B, isconvexif foranyx,x' 1 B

x'1T B . Supposeto the contrary that ax' + (1-a) X’ 1 B

P,W,Weg

Notethat X, x'1 B

px’’. Foranyal [0, 1], a(w+ wes) 3 apx’, aw? apx:, (1-a)(w+ wes) 3 (1-a)px’”’
and (1-a)w?3 (1-a)px:’’. Summing then impliesa(w+ weg) + (1 - a)(w+ weg) 3 apx +
(1-a)px’ andaw+ (1-a)w?3 apixy’ + (1-a)pxi’’, orw+ wes3 p(ax +(1-a)x’)andw
3 py(axy + (1-a)x’’). By definition,ax +(1-a)x’ | B impliesw + Wes < p(ax’ +

andanyal [0,1], ax +(1-a)

P,W,Weg

forsomeal [0, 1].

P,W,Weg

impliesw+ Wes® px and we pixi’, and w+ wes 3 px'’ and w3

P,W,Weg

P,W,Weg

(1-a)x’)orw<pi(axs +(1-a)x’’), acontradiction.

(c) Toprovethat theset B, ., | B forw >w’, we must show that (i) ifyT B
thenyl B and (ii) for omeyi B, .yl B
to the contrary such that for someyi B, .yi B

p,W'\Weg p,W" Weg !

.- Letusstart with (i). Assume
. By definition,yT B

P,W'\,Weg p.W",We

P.W'\Weg
impliessw’ +wes® pyand w' 3 pays, whileyl B, impliesw +wes<pyorw <py.
Transitivity of real numbersthen impliesw'’ + Wes > W + Wesor W’ > w, but both of these
statements contradict vY >w'. Now for (ii). Choosey suchthat W + Wes= py andw 3
Py By definition, yl B, . Sincew >w’, py>w’ whichimpliesyl B, by
definition. The economic implication of the result isthat if wealth decreases so do our

consumption opportunities (in two dimensions, a decrease in our wealth shifts our budget
constraint Southwest).

P.W" Weg

(d) Strictly convex, locally nonsatiated, continuous, and rational preferences give use a utility
function that generates gtrictly convex (bowed toward the origin) indifference curves. | have
drawn an example in Figure 3. In Figure 3, the indifference curve is just tangent to the
budget set at a unique point. But thisis just one of several possibilities. Two other
interesting possibilities are an indifference curve that intersects the budget constraint at (O, (w
+ Wes)/p2) and one that intersects the budget constraint at (W/p1, Weg/p2). Notethat strict
convexity will rule out any point on the budget line connecting (0, (W + Wes)/p2) and (W/py,
Wes/p2). The bottom line is we know it will be unique because our UCSis strictly convex and
our budget set is convex.

(e) Our arguments in part (d) are enough to establish that Walras Law will be satisfied. The
reason why thisistrue relates to our assumption that preferences are locally nonsatiated.



Y ou do not need convexity of the budget set or convexity of the Upper Contour sets for
people to want to consume all their wealth. Y ou just need to be able to say that there is
always a bundle nearby that is strictly preferred and that preferences are continuous.
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