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EXAM #1: ANSWERS

1. Consider the preferencerelation ¥ on A.". [15 Points]
(a) If this preference relation describes a rational consumer, what two properties must it
satisfy? In addition to listing these properties, make sure you carefully define them.
(b) Use this preference relation to define the indifference relation.
(c) If this preference relation is rational, prove that the indifference relation must be
transitive.

ANSWER:
@ A rational preference relation is complete and transitive. If a preference relation is
complete, then for all x, y1 A" x ¥ yory ¥ x. A preference relation is transitive if for al x, v,

z1 Alsuchthatx £ yandy F z thenx T z
(b) Foranyx yl A.- xisindifferenttoy (x~y)ifandonlyifx ¥ yandy f x.

(c) A preferencerelation istransitiveif for all x, y, zZ1 A, suchthatx ¥ yandy T z thenx
T z Anindifference relation istransitive if for al x, y, zI A." suchthat x ~y andy ~ z, then x

~z Notethat x~yimpliesx ¥ yandy T x,andy~zimpliesy T zand z T y by the definition
of indifference. By transitivity, x ¥ yandy T zimpliesx T z Also by transitivity, z ¥ yandy
T ximpliesz T x. Finally,x T zand z £ x implies x ~ z by the definition of indifference.

2. Consider atwo commodity world with I consumers. Theith consumer has the locally
nonsatiated, strictly convex, and continuous preference relation ¥; on A.% Assume this

preference relation can be represented by the utility function ui(xa, Xa) = X,*' %, * where 1

>a;>0. Let p;>0andp, > 0 bethe prices for commodity x3; and Xz and wi > 0 be an

individual’ s wealth. [25 Points]

(a) Define the utility maximization problem for the ith consumer, setup the Lagrangian, and
derive the first order conditions.

(1' ai)W

aW L. Use

(b) The solution to this problem is xi(p1, p2, W) =

and Xai(p1, P2, W) =
1 2

this solution to derive the indirect utility function.

(c) List four propertiesthat thisindirect utility function must satisfy. You do not need to
show that it satisfies these properties.

(d) Find the aggregate demand for commodity 1.



(e) Can this aggregate demand be written as only a function of prices and aggregate wealth

L
E@v = é W 2, Use the indirect utility function you derived in part (b) to justify your
e i=1 @

answer.

ANSWER:
@ The utility maximization problem is

a; ., la
max X’li X2i

Xq;30,%5 30

SUbj ecttow; 3 P1Xai + P2Xoi.

The Lagrangian for the problem is

a;

L= %" 1 (W= pox - P, ),

which yields the first order conditions:

T[L *ai—l *l—ai * T[L * *

—=aXx; X, -1 p£0, —x,=0,andxy 3 0;

ﬂX]j % 2 P, ﬂX]JXI 1

T[L *a *l—ai—l * T[L * *
—=1-a, )% X, - £0, —x, =0,and xy 2 0; and
ﬂXZi ( |)X1| 21 p2 ﬂXZi 21 2

L . L

L _w X, 30, —1"=0, andl "3 0

1-" ] plX]J p2 2i 1-"

(b) The indirect utility function is defined as vi(p1, P2, W) = Ui (X1i(P1, P2, W), Xai(P1, P2, W)).

.2 ,l-a; a, -a,
Given the solution above vi(p1, p2, W) = ?iwig oL- ai)WiQ = & L-a) " w .

P g P, & pp, ™

(©) The indirect utility function must be (i) homogeneous of degree 0 inw, p1, and py; (ii)
strictly increasing in wi and non-increasing in p; and p; (iii) quasi-convex in p; and py; and
continuous in w, pz, and pa.

|

(d)  Aggregate demand for commodity 1 is defined as Xi(p1, P2, Wa,..., W) = & %, (P, P,, W)
i=1

a,w

or Xi1(p1, P2, Wi,..., W) = q ———.
1 P

Qo_

(e To be able to write aggregate demand as a function of only prices and aggregate wealth,
we must be able to write the indirect utility function in the Gorman form: vi(pa, p2, W) = a(p1, p2)
+ b(p1, p2)wi. For the indirect utility function in part (b), a(p1, p2) =0 and b(ps, p2) =



a”(L-a )™
PP
and sufficient Gorman Form.

, but this means b(p1, p.) is not independent of i, so it cannot be of the necessary

5
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3. Consider the function f(py, p2, U) = 858%98 plb p,su where p; and p, are prices and u is some
€90

minimally desired level of utility. [20 Points]
(a) Usethe homogeneity property for an expenditure function that represents a continuous
strictly convex, and locally nonsatiated preference relation ¥ on A .? to determine the

value of b that makes this function a valid expenditure function.

(b) Derive the Hicksian demand for commodity 1 using this expenditure function.

(c) Use duality to find an indirect utility function that is consistent with this expenditure
function.

(d) Consider the price vectorsp® = (3, 3) and p* = (15, 3). Find the equivalent and
compensating variations for a change from prices p° to p*? If you were to calculate the
change in consumer surplus due to this change in prices, what is the most it could be?
Explain.

ANSWER:

@ For f(ps1, p2, U) to be a valid expenditure function representing a continuous, srictly
convex, and locally nonsatiated preference relation ¥ on A .2, it must homogeneous of degree
onein prices such that f(ap;, apz, u) = af(py, p2, U) for any a > 0. Notethat f(aps, apy, u) =

8;3&'308 3

385, (ap.) (@p,)su

b

ODTOJ

zgg%gampl psu=a 8 f(py, pz, U), SO b =5/8 iswhat we need.
e5g

(b To get the Hicksian demand for commodity 1 from the expenditure function, we need to
differentiate with respect to pi:

3 3
(02
h(p,, p,u) = Tl P22t _ @5@3

T, Py
o _ 8 a3 08 :
(d) Duality impliesthat w = e(p1, p2, V(p1, p2, W)) or w=— gg— p,s pzsv(p1 p,, W ) Solving
3é5g
then yields v(p1, p2, W) = aéic_ﬁ 3W 7
€3g 8p18p 8

(e The equivalent variation is defined as



EV(p’, p, w) = e(ps, p°, v(pi', p2', w)) —woor

o
=C

[

5 5 3
EV(3, 3, 15,3, w) = 2@3‘&9838388%308 w_
€50 €30 o 1o g
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The compensating variation is defined as
CV(p°, p', W) = w- e(pi’, p2', v(ps’, p2°, W)

or

5 3 55
CV(3, 3, 15,3, W) = w- §Eei‘—’8158388‘4"3—’8 MW= %:GL 58 2w

€30 g 3o3s
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Notice that the price of commodity 1 has increased. Also notice that the Hicksian demand for
commodity 1 isincreasing in utility, so the Marshallian Demand will be normal. With a normal
Marshallian Demand we know that EV(p°, p*, w) > CV(p°, p*, w). We also know that the change
in consumer surplus will always be bounded by the equivalent and compensating variations.

-0

Therefore, 9— -1 W isthe most that the change in consumer surplus could be.

e
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4. Let U(uy,...,u) = é In(ui ) be the a social welfare function and W be aggregate wealth.
i=1

[20 Pointsg]|

(@) Using the preferences defined for consumers in problem 2, find the social welfare
maximizing wealth distribution rule. Hint: It is an interior solution.

(b) Find the value function for U(u,...,u) given this optimal wealth distribution rule.

(c) Use Roy’ sidentity with this value function to calculate the implied aggregate demand for
commodity 1.

(d) How does this demand compare to the aggregate demand for commodity 1 found in
problem 2 (d) when you substitute in the optimal wealth distribution rule for individual
wealth? Under what circumstances might it be reasonable to use this aggregate demand
for welfare analysis?

ANSWER:
@ The social welfare maximizing problem can be written as

|
max U (v (py, P, )., (P oW )) subjectto W § wy .

w;20,.,w, 30 i=1

The Lagrangian for this problem s



1l
iy

E:i* I"£0, Ew =0,andw 3 Ofori=1,...,1and
™ w Twg
|
L ow-awz20 -0 adi"s0
T" i=1 T"
For an interior solution w; :Ii Summing both sides over all consumers then yields
| |
w:éwi*:éi L whichimplies - =1 and w " (py, p, W) = LA
=1 ETE w !

(b) Substituting the optimal wealth distribution rule back into the value function yields:
a; - a; MOO
V(py, P2, W) = ( 1-a)" ) ln(p1 P, ')+|ng|—;§

(©) Roy’s Identity implies

g ap’ J
ﬂv(pla P, W) ) aalplai [l)za Waai
X1(p1, P2 = - (2 —__i= PP _ =1
1-[e(pli pZ’W) él i |pl
w LW
I
The aggregate demand for commodity 1 in problem 2 (d) was Xi(p1, P2, Wi,..., W) = & aiT:lVi ,
i=1
a w
| i
Substituting in the optimal wealth distribution rule yields Xa(p1, p2, W,..., W) = § pI =
i=1 1
|
W8 a,
I'pl . If social preferences are accurately characterized by our social welfare function, the

wealth distribution rule is homogenous of degree 1 in prices and wealth, and the value function



satisfies the properties of an indirect utility function, then we can comfortably use aggregate
demand to construct the expenditure function for arepresentative consumer and use this
expenditure function and the value function to calculate the equivalent or compensating variation
for use in welfare analysis.



