Application: Job Market Signaling Game

The game we will explore now is attributable to Michael Spence (Quarterly Journal of
Economics, 1973). The basic idea is that employees have different innate abilities that affect
their productivity. Employers would like to reward employees with abilities that lead to higher
productivity, but cannot directly observe these abilities. Alternatively, employees do know if
they have the ability to be high productivity workers.

Now suppose that the innate abilities required for high productivity in the work place are the
same as those required for high productivity in school. Can employers offer wage contracts that
will encourage high productivity workersto distinguish themselves in school ?

Suppose we have two players, an employer and employee. There are two types of employee: a

high productivity employee denoted by H with probability p and a low productivity employee

denoted by L with probability 1 - p. The employee knows its type, but the employer does not.

After nature chooses the employee’ s type, the employee must choose how much education to

receive, & 2 0. After the employee chooses how much education to receive, the employer must

choose how much to pay the employee given the amount of education the employee has
received. To keep thingsrelatively simple, we will assume

(i) the employee's cost of education isc(H, €) = €%/2 for a high type and c(L, €) = €* for alow
type (wereally only need to assume the marginal cost of education is higher for the low type:
Tc(L,e) S Tc(H,e)

fle Te

(i) the employee’s output in terms of revenue y(H, €) = 4 + 4efor ahightypeand isy(L, €) =2 +
2e for alow type (the important thing here is that the high type is more productive: y(H, €) >
y(L, €) for al e);

(iii)the employer earns zero economic profit by setting the wage rate equal to the expected
revenue: w(e) = p(Hle) y(H, e) + (1 - p(Hle)) y(L, €) where p(H|e) is the probability of a high
type given education level e, and

(iv)the probability of a high productivity worker isp = 0.5.

for al e, which isreferred to as the single crossing condition);

Figure 1 illustrates these revenues and costs.
This specification yields the payoffs

pr(e) =p(HIe) y(H, e) + (1 - p(Hle)) y(L, €) - c(H, €)
=2+ 2p(H|e) + 2e(1 + p(H|e)) - €42

and

pu(e) =p(Hle) y(H, €) + (1 - p(Hle)) y(L, €) - c(L, €
=2+ 2p(Hle) + 2e(1 + p(HJe)) - €

for the high and low type employees.



Now to answer our question we need to determine if there is a separating Perfect Bayesian
equilibrium (PBE) strategy for this game. But before we do that suppose the employer knew the
employee’ s productivity, how much effort would the high and low type employees choose?

The high type employee’ s optimization problem is

eZ

max p,, (€)= 4+ 4e- Px

which yields the optimal level of effort e;“' = 4 with the payoff pu(ex~') = 12.

The low type employee’ s optimization problemis

max p, (e)=2+2e- €,

which yields the optimal level of effort e “' = 1 with the payoff p.(e.“') = 3. Figure 2 illustrates
these equilibrium levels of education and wages.

Note however that 4+4° 4- 4> =4 >p (e.“"). But what doesthis mean? It means that if the
low type were to choose the high type’ s optimal education and the employer took this to mean
that the low type was actually the high type, then the low type would earn more. That is, if the
employer does not know the employees' types, then the low type can have an incentive to try to
mimic a high type’s level of education.

Now let usreturn to the question of whether or not there is a separating PBE in this game when
the employer does not know the employee’s productivity. Suppose such an equilibrium exists
where g% is the low type employee’s equilibrium effort, e°is the high type employee’s
equilibrium effort, w® = W(en®) = y(H, e+ = 4 + 4a;° is the high type employee’s equilibrium
wage, and w. = w(e.®) = y(H, &%) = 2 + 2q ®is the low type employee’s equilibrium wage.
Assuming e;° & °, Bayes rule implies p(H|es®) = 1 and p(H|e.®) = 0.
What else must be true for these to be separating PBE strategies and beliefs?
Sequential rationality implies (also known as “Incentive Compatibility Constraints’)
(1) y(H, &) -c(H, &) p(Hle) y(H, & + (1- p(H[e)) Y(L, &) - c(H, &) or

4+ 4e.°- e4°%23 2+ 2p(Hle) + 2e(1 + p(Hle)) - €12
foralet e°

and

2 vl ead-cL, e pHe yH, e +(L-pHe) vL, e - c(L, € or



2+2a°-@°%3 2+ 2p(Hle) + 2¢(1 + p(Hle)) - €
foralet g°
We know p(H|e.®) = 0 and p(H|e;®) = 1 by Bayesrule, but what about p(H|e) whene! e and e
1 @47 Since Bayes rule does not apply, we can choose any p(H|e) that jointly satisfies equations
(1) and (2). Let ustry p(H|e) = 0. That is, we will always assume a low type unlesse = &;°.
Equation (1) then implies
y(H, &) - c(H, &) 2 y(L, &) - c(H, e) or

4+ 4e°-e°%23 24 2e- €2

BLe) _ 1H.)
e e
specific case wheree = 2 such that 4 + 4e,°- e°%/23 40r 83 e;°.

for e? e4°. The maximum of y(L, €) - c(H, €) occurs where or for our

Alternatively, equation (2) implies

y(L, &% -cL, a3 yL,e-cL,eor
2+26°5-¥3242-¢€

Ty(L.e) _ Tc(L.e)
e e
our specific case where e = 1, but thisis precisely wherey(L, %) - ¢(L, %) and 2 + 26 °— g ®
Ty(L.e) _ Tc(L.e)
e e
Note that we must also consider the case where e = &;° because p(H|er) = 1, not 0. With

p(Hles®) = 1, equation (2) implies

fore! @ande! ;> The maximum of y(L, €) - ¢(L, €) occurs where or for

are optimized which implies e.° must set or for our specific example e ® = 1.

y(L, &9 -cL, a3 y(H, e - oL, &) or
33 4+4a_|S_a_|SZ’

such that e4° £ -0.236 or e;°3 4.235. Therefore, 6°=1, 83 &;°3 4.235, p(H|es®) = 1, and
p(H|e) = O for et ey isaseparating PBE. Figure 3illustrates.

So it is possible to have a separating PBE where low and high types reveal their productivity
through their choice of effort. An interesting characteristic of this equilibrium is that the high
type hasto invest more in education than it would if the employer knew everyone'stype. It has
to or the low type will have an incentive to mimic it.

We should be careful however before declaring victory because what if there is a pooling
equilibrium also? Suppose e = € for both types such that p(H|e”) = p = 0.5. Are there values of



€” that can result ina PBE? Let us check. For € to be an equilibrium, sequential rationality
implies

d  pyH, &)+ (L-p)y(L, €)-c(H, €) 3 p(Hle) y(H, &) + (L - p(HIe)) YL, &) - c(H, &) or
3+36&°-€"%23 2+ 2p(He) + 2e(1 + p(Hle)) - €/2

and

@ pyH, &) +(L-p)y(L, €)-c(L, &2 p(Hle) y(H, & + (1- p(Hle)) (L, € - c(L, &) or
3+36& - €723 2+ 2p(H|e) + 2¢(1 + p(Hle)) - €

for all et €. Again, before we can proceed further, we need to specify what happens with
p(Hle) off the equilibrium path (e.g. whene? €"). Let us continue with the assumption that
p(H|e) = 0whene! €. Now for alow type, equations (3) and (4) imply

pY(H, €) + (1-p) (L, €") - c(H, €") * y(L, &) - c(H, ) or
3+3€”-€"%23 2+2e-€2

and

PY(H, €) +(1-p) YL, €) - (L, €) 3 y(L, &) - c(L, &) or
3+3€’-€"%32+2-¢

Note that which of these constraint is relevant depends on whether y(L, €) + c(L, €") - c(L, €) is
wiLe) _ TelLe) i y(L.e")
e e e

= M‘ILT’—E)' For our specific case, e =1 suchthat 3+ 3€”-€"?3 30r 33 €. Alternatively, e
e

greater than or lessthany(L, € ) + c(H, €") - c(H, ") where

=2 suchthat 3+3€”- €423 4, whichimplies-1+3€”- €423 0, 0r 5.653 €3 0.35.
Therefore, 33 €3 0.35, p(H|e") = 0.5, and p(H|e") = 0 for et € isapooling PBE. Figure 4
illustrates.

This is not such good news if we were hoping for a unique equilibrium or just hoping that what
ever equilibrium we found was a separating equilibrium. But things get even worse. Suppose a
high productivity employee chose e4™ and a low productivity employee chose e with
probability g and . with probability 1 —q. Bayesrule then impliesthat p(H|es¥) =
ples [H)p _ . p

pleT [H)p+(- ple? [H)lp  p+(L- p)
p(H|e) = 0for et e;™. For what e4¥ and @ ¥ isthisa PBE? For a high and low type,
sequential rationality implies

and p(H|e.™") = 0. Finally, we will again assume




® — P yH e+ P
p)a p+Q- pla

o+ (i- I y(L, &%) - c(H, &%) 3 y(L, €) - c(H, €) or

p)a

2+2i 26,7219 o205 0400 2
1+q 1+q

and

p (- p)g
6 —— Y(H, = (L, - ¢(L,
(6) q( p+(1_ p)q W( Q—iSP) + p+(1_ p)q W( Q—iSP) c( Q—!SP))
+(1- )L, a¥) -clL, a™)) 3 y(L, e -cH, e or

q(2+2i +ZeHSpﬂ a7 )+ (1-q)2+2e¥-F?)3 2+ 2e-¢€
1+q 1+q

fore! ey . However, we know something more. For alow type to be willing to mix p.(ex™) =
pL(e. ™) implying for our specific case that

(7) 2+2i+2%spﬂ_a4332:2+2qsp_qspz

+q 1+q

Together, equations (6) and (7) imply that 2 + 26 ¥ - 523 2+ 2e- e’ fore! e,¥. Recall that
2 + 2e - € is maximized where e = 1, which implies e ¥ = 1 if equation (6) is going to hold.
Equation (7) then implies

240 1 +2345,32+q

-es>?=3o0r
1+q 1+q

q=(1+4e™ - es™))I(L- &™)’

forey™ 1 1. Sinceqisaprobability 13 q=(1+4ey¥ - es¥ /(1 - &¥)?3 0, implying e4™
3and 4.2353 &,°3 -0.236 0r 4.2353 &°2 3.

Finally, we need to verify that equation (5) for 4.2353 e,¥ 3 3:

(5) 2+2i 1265219 o 2223 24 20- 20r

1+q 1+q
2+2i +26Hspﬂ _eHSPZ/zs 4
1+q 1+q

when e = 2, the maximum of 2 + 2e - €%/2. Substituting q into equation (5') and simplifying
yields shows that it will hold provided e;¥ 3 2. Therefore, we also have apartially separating



equilibriumwhere4.2353 ,¥3 3,6 =1, q=(1+4e4¥ - ¥ /(1 - &4™)? p(Hle&vT) = (1 +
o)™, and p(H|e) = 0for et e, . Figure 5 illustrates.

In terms of predicting behavior, all thisisrather disturbing and we might ask ourselves if we can
do better. The fact iswe can do better if we are willing to place more assumptions on what
constitutes a reasonable off the equilibrium path belief. Here we can get what we need by
appealing to the Intuitive Criterion. To define the restrictions of the Intuitive Criterion in the
context of our game, we need to start by defining what it meansto be Equilibrium-Dominated
(Gibbons, page 239):

Given a PBE in asignaling game, the message m from M is Equilibrium-Dominated for type t;
from T if t;’ s equilibrium payoff, denoted by U (t;), is greater than ti’ s highest possible payoff
fromm;: U’ (t;) > max Uslt.m,a).

ay

What does this mean for our game? The my’s above correspond to e off the equilibrium path and
the a, corresponds to the w(e) chosen by the employer. Suppose the high type playse>= 7 ina
separating PBE with the resulting payoff 4 + 4e° - ,°%/2 = 7.5. If he played e = 8, the firm will
think he is a low type and he will earn 2 + 2e - e%/2 = -14. However, the highest possible payoff
he could earn from choosing e = 8is4 + 4e - e%/2 = 4 if it just so happens that the firm chose to
respond to e = 8 with w(e) = 4 + 4e. Of course, thisisn’t what happens in equilibrium, but out of
equilibrium it could happen. Notethat 7.5 > 4, so even if the best possible world emerged from
choosing 8 instead of 7, the high type would till have a lower payoff. Therefore, e=8is
equilibrium-dominated.

Now suppose the high type chose e = 6 out of equilibrium instead of 7. His equilibrium payoff
from this deviation will be 2 + 2e - e%/2 = -4. But the highest possible payoff he could earn if the
employer chose awage other than the equilibrium wage is 4 + 4e - e%/2 = 10. Now 10 is greater
than 7.5, so it is possible for the high type to improve its payoffs by choosing 6 instead of 7 if the
employer beliefs were out of equilibrium. Inthiscase e =6, is not equilibrium-dominated.

Now we are ready to sate the restrictions on beliefs specified by the I ntuitive Criterion:

If the information set following my is off the equilibrium path and my is equilibrium-dominated
for type t; then (if possible) the receiver’s belief nt| m) should place zero probability on typet;
(Thisis possible provided my is not equilibrium-dominated for all typesinT).

In the context of our game, the receiver isthe employer and n(ti| m) corresponds to p(H|e).

Thisrestriction is very useful for our game. Figure 6 helps illustrate why. Figure 6 showsy(H,
e) —c(H, e) and y(H, e) — c(L, €), which are the highest possible payoffs for the high and low
typesgiven e. It also showsy(H, e;®) —c(H, e;) and y(L, & %) —c(L, e_°), which are the
separating PBE payoffs for @ °= 1, &,°= 8, p(H|e:’) = 1, and p(H|e) = O for e e4°. Notethat
there are three important regions in this figure with respect to equilibrium-domination. The
education levels in Region | correspond to messages that are not equilibrium-dominated for
either type. Therefore, we cannot rule out p(H|e) = 0 by the intuitive criterion in thisregion. The



education levels in Region |1 correspond to messages that are equilibrium-dominated for alow
type, but not for ahigh type, which by the intuitive criterion means that p(H|e) = 1, not p(H|e) =
0. If we set p(H|e) = 1 instead of p(H|e) = 0 in this region, then &;° = 8 is no longer a best
responseand e.°= 1, &;°= 8, p(H|e+°) = 1, and p(H|e) = 0 for e* e;°isnot an equilibrium. The
education levelsin Region 11 correspond to messages that are equilibrium-dominated for both
types. Therefore, we cannot rule out p(H|e) = 0 by the intuitive criterion in this region. Similar
arguments can be made to rule out all PBE wheree °=1, 83 e,°> 4.235, p(H|e;®) = 1, and
p(Hle) = Oforet ey

Figure 7 shows why we cannot also rule out the PBE withe °= 1, &4° = 4.235, p(H|e;®) = 1, and
p(Hle) =0 for el e° using the intuitive criterion. In thisinstance, we only have two regions. In
Region I, all education levels/messages off the equilibrium path for a high type are equilibrium-
dominated, but none are for the low type. Therefore, p(H|e) = 0 in this region satisfies the
intuitive criterion. In Region 11, al education levelsymessages off the equilibrium path are
equilibrium-dominated for both types. Therefore, the intuitive criterion does not rule out p(H|e)
=0inthisregion.

Figure 8 shows how the intuitive criterion can be used to rule out pooling PBE. The figure
explicitly considers the pooling PBE where €” = 2, p(H|e") = 0.5, and p(H|e") =0 for e €. In
Regions| and V, al education levels/messages off the equilibrium path are equilibrium-
dominated for both types. Therefore, the intuitive criterion does not rule out p(H|e) = 0 in this
region. In Region I, the education levels'messages off the equilibrium path are equilibrium-
dominated for a high type, but not for alow type. Therefore, the intuitive criterion does not rule
out p(Hle) = 0 in thisregion. In Region 11, none of the education levelsmessages off the
equilibrium path are equilibrium-dominated for either type, so the intuitive criterion again does
not rule out p(H|e) = Ointhisregion. In Region 1V, the education levelsymessages off the
equilibrium path are equilibrium-dominated for alow type, but not for a high type, so the
intuitive criterion does rule out p(H|e) = 0 in thisregion and instead implies p(H|e) = 1. But with
p(Hle) = 1inthisregion, e = 2 isno longer a best response for a high type.

Similar arguments can be made to rule out all pooling PBE where 33 €3 0.35, p(H|e") = 0.5,
and p(H|e") = 0 for e € and all partially separating PBE where 4.235>e,¥ 3 3,¥ =1,q=
1+4es™-eF9/(1-e4™)? p(Hles™) = (L + ), and p(H|e) = 0 for e e4¥. The end result
isthat the intuitive criterion leaves us with a unique separating PBE: e ° = 1, e° = 4.235,
p(Hles®) = 1, and p(H|e) = O for e &4°. What more can we ask for?



Figure 1:

Revenues and costs for high and low type employees.

Education




Figure 2: Complete information equilibrium education and wages.
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Figure 3: Separating PBE equilibrium education and wages.
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Figure 4: Pooling PBE equilibrium education and wages.
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Figure 5: Partially Separating PBE equilibrium education and wages.
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Figure 6: Equilibrium-domination for the separating PBE with e ;5= 8.
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Figure 7: Equilibrium-domination for the separating PBE with g5 = 4.235.
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Figure 8: Equilibrium-domination for the pooling PBE where e® = 2.
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